Numerical calculations are presented on both equilibrium states and switching processes of surface-stabilized ferroelectric liquid crystal cells. Defect mediated switching by Bloch walls and by disclination lines is being studied in particular. Our examinations are based on an idealized bookshelf-con guration of the molecules with xed tilt angle of the director. Numerical solutions for the scalar elds both of the director twist angle and the electric potential have been determined in two spatial dimensions, assuming the elds to be constant along the third dimension. In the bulk we employ the full Frank-Oseen energy (i.e. no one-constant approximation) with electric terms added represented by a uniaxial dielectric tensor and the spontaneous polarization. On the surface the director is anchored by a Rapini-Papoular potential with medium anchoring strength. The calculations were performed in high precision with a multigrid method on an adaptive grid.
I. INTRODUCTION
Surface-stabilized ferroelectric liquid crystal (SSFLC) cells 1] possess bistable states. Switching from one to the other is achieved by short pulses of an external voltage. During the switching process the director may reorient homogeneously (uniform switching), or domain walls and their attached disclinations may move within the cell and enlarge preferred domains. The motion of domain walls is especially important to overcome the anchoring of the director on the surface, thus completing the transition into the opposite bistable state.
Another scenario is the creation of disclinations during switching, e.g. at the boundaries of the pixels of a display. The questions in this case are: What types of disclinations will be created and where? How does the switching proceed?
Uniform switching has been examined by Xue et al. 2] by solving the torque balance equation for the homogeneous twist angle without elastic terms.
Non-uniform switching restricted to a one-dimensional geometry has been studied numerically by Maclennan et al. 3] and Gie elmann and Zugenmaier 4]. Yamada et al. investigated the motion of disclinations both experimentally and in a two-dimensional geometry numerically 5]. They applied the one-constant approximation and neglected all dielectric terms (i.e. = 0). Furthermore they assumed a homogeneous electric eld.
In contrast, in our calculations we go beyond the one-constant approximation and employ a uniaxial dielectric tensor. The electric potential U is calculated as well as the twist angle , by simultaneous integration of the two governing di erential equations. The calculation of U is especially important for the case of high polarization strength p 0 and low electric eld E (e.g. p 0 = 50nC=m 2 ; E = 2:5V= m) 6]. Finally we present calculations on the switching of a single pixel, based on a simple arrangement of the electrodes. The results show that switching on the pixel creates disclinations on the surface at the pixel boundary and domain walls that propagate into the bulk. The process of switching o the pixel again is not the reversal of switching on, but creates further disclinations and domain walls. The combined walls may then shrink to zero in a relaxation process as observed in experiment by Pindak et al. 8] .
II. THEORY
We consider a SSFLC cell with a geometry as in Fig. B . A smectic C* liquid crystal is lled in between two parallel cover glasses at Cartesian coordinates x = 0 and x = d. The smectic layers run parallel to the x-y-plane (bookshelf-con guration). The tilt angle is taken to be constant, leaving a rotational motion on the tilt cone only. Thus the director n is completely described by the twist angle . We restrict ourselves to a two-dimensional geometry, i.e. all functions depend only on the x-and z-coordinates and are constant along the y-direction. There are two unknown quantities: the twist angle (x; z; t) and the electric potential U(x; z; t).
A. Material functions
To obtain the di erential equations for these quantities, we make use of phenomenological material functions. The free energy density F consists of an elastic part in the form of the Frank-Oseen energy 9] and an electric part, which describes the interaction of the molecules with an electric eld via induced and spontaneous with the eigenvectorñ belonging to the eigenvalue k and the degenerate eigenvalues ? belonging to all eigenvectors perpendicular toñ. Because of the missing inversion symmetry of the smectic C* phase, the spontaneous polarizationP stands perpendicular to the director n and is situated within the smectic layers.
We ful ll the geometrical constraints onñ andP by expressing both vectors in spherical coordinates:ñ Now we write the bulk free energy in a way as to emphasize the similar forms of its elastic and electric parts. The k 24 -term is discarded, because it can be shown exactly not to
give any contribution to the di erential equations (neither on the surface nor in the bulk) in the case of constant tilt angle (see App. A). The quantitity c measures the anchoring strength, while r determines the preferred director orientation on the surface. In the SSFLC cell r = 90 .
The total free energy per unit length of the cell in y-direction is given by
B. Di erential equations
By variation of the total free energy (2.6) nonlinear coupled partial di erential equations are obtained for the twist angle and the electric potential U in the bulk and on the surface:
surface:
The negative sign applies for the lower cover glass (x = 0), the positive sign for the upper one (x = d). For the electric potential U we assume Dirichlet boundary conditions on the cover glasses. At z = 0 and z = b free boundaries are used, which we realize in a lowest order approximation by identically extending the solution along the z-direction. The matrix in (2.7) is a positive de nite nonlinear operator depending on , @ i and @ i U. As a consequence both equations of the system (2.7) are elliptic. These equations describe equilibrium states. To study switching processes a phenomenological viscous term is added, which may also be derived from a dissipation function 13]. Inertial terms for the twist angle 14] as well as time derivatives for the electric potential U may be neglected. Thus we obtain the following dynamic equations:
C. Numerical procedure
Static problem
We discretize the di erential equations on a hierarchy of rectangular grids with decreasing grid size by applying the nite di erence method. The grid of a certain re nement level is obtained by halving the grid size of the previous level. To reduce computing time and memory size this grid re nement is carried out locally (adaptive grid re nement). The criterion for re nement employed is the curvature of the current approximations~ (x; z) and U(x; z) along the x-and y-directions. A high curvature has to be approximated by many linear pieces, thus a comparatively ne grid is needed in the corresponding region.
The discretized equations are solved numerically by a nonlinear multi-grid method (see App. B) operating on the described hierarchy of grids 15]. The local grid re nement algorithm is applied after each multi-grid cycle.
To evaluate di erence quotients in it has to be taken into account that 2 S 1 . As a consequence, di erences are mathematically ambiguous and have to be mapped onto In the dynamic case again we spatially discretize the di erential equations on an adaptive grid by the nite di erence method. For the time integration of the twist angle we use an explicit Euler method 16]. The static equation for the electric potential U is solved numerically by a multi-grid method following each time step. The grid hierarchy is constructed adaptively at each time step before the integration is performed.
III. NUMERICAL RESULTS AND DISCUSSION

A. Parameters used in calculations
The material parameters and the cell parameters are given in Table III.A and Table  III .B, respectively.
B. Visualization of the results
In the gures the twist angle is represented by the c-director, which is placed in the paper plane (the x-z-plane), although it actually lies in the x-y-plane. It is drawn only for the two grids lowest in the grid hierarchy. The cover glasses are on the top and bottom. The greyshaded background represents the twist angle. Halftoning limits the number of shades to about ten. Light grey corresponds to = 0 (c-director points up), dark grey to = 180 (c-director down). Regions with polarization UP or DOWN therefore are shaded in medium grey tones, whereas walls between them are shaded in light or dark grey.
C. Static states of the cell
For the static problem the corresponding equations (2.7) were solved. To test for stability, we have used the solutions as initial states of the dynamic equations for zero external voltage.
The typical states of an SSFLC-cell have been classi ed by 17] as shown in Fig. 2. 1. Uniform state and twisted state: Which one is preferred?
The calculations show that the uniform state (U) (see Fig. 2 ) is preferred for large intrinsic pitch p intr d or for high polarization strength p 0 . As this strength increases the deformed regions of a twisted state (T) are pushed to the surface and the twist angle is wrenched out of its anchoring position r . The twisted state (T) is preferred for small pitch p intr d and low polarization strength p 0 . If U-and T-domains touch each other, the border will move, so that the preferred domain will grow.
Uniform states: Domain walls
Two model domain walls between uniform UP and DOWN states have been examined in detail: the Bloch wall, as suggested by Clark and Lagerwall 1], bounded by two surface disclinations with opposite signs (Fig. 5 0] ), and the con guration proposed by Ouchi et al. 17] , which consists of one bulk and two surface disclinations (Fig. 3 1]] ). These bound two Bloch walls with opposite sense of rotation of the polarization. We denote the con guration \twin Bloch walls".
As the bulk disclinations cause a high distortion energy, Ouchi et al. 17] concluded that in thin cells the twin Bloch walls are not stable. This assumption is con rmed by dynamic calculations, which show that in thin cells (d = 0:5 m) the internal disclination moves to the surface. There it annihilates partly with the surface disclination (of half strength only, because it is located on the surface), leaving a surface disclination of opposite sign and therefore a Bloch wall (Fig. 3) (Fig. 4) . Deviations from uniformity are restricted to regions at the surface. As expected, the switching process on the surface is either delayed or does not even occur at all, if the external voltage is not su ciently strong. Non-uniform switching consists of two simultaneous processes: the motion of domain walls at the domain boundaries, which is relevant near the surface to complete the transition into another stable state and uniform switching within uniform domains, which is relevant in the bulk and therefore most important for the optical transmission.
Motion of a Bloch wall
The motion of a Bloch wall is illustrated in Fig. 5 . If an external voltage is applied, the wall starts moving in the bulk while on the surface the motion is delayed. Therefore the wall is being bent in a small surface region of thickness 150nm. In the bulk it remains straight and its width expands slightly. The phase-velocity of the Bloch wall increases slowly, due to the rise of width and thus a change of N D in (1.1). The velocity approaches a constant value (which depends on the parameters U, p 0 , 1 and d). But before reaching it, uniform switching starts dominating the whole process.
The velocities at time 4 with given by (3.3) are close to the asymptotic value and approximately proportional to ?1 as expected by Handschy et al. 7] and shown in the example of Fig. 6 for the dependence on the applied voltage U.
The total time for non-uniform switching has not been determined, because during this time span the Bloch wall would have come too close to the identically extended boundaries. But it is obvious that in uniform domains far from domain walls the switching process in the bulk is governed by uniform switching. This applies on the surface as well if the applied voltage is su ciently strong to overcome the anchoring. Otherwise the motion of domain walls along the surface is necessary to complete the switching process there. In this case the switching time depends on the velocity of the walls and the length they have to travel.
Motion of twin Bloch walls
The director eld around a bulk disclination is symmetrical, hence there is no net force acting on it and it does not move. The surface disclinations move to the right (Fig. 7) .
Because of the identical extension of the solutions in z-direction, the uniform switching is accelerated at the right border. This is an e ect due to the boundary conditions, but can alternatively be understood as the arrival of a Bloch wall from the right. On the upper surface the disclinations of the Bloch wall and the twin Bloch walls have opposite signs and annihilate. On the lower surface both disclinations have the same sign, repelling each other.
Switching of a pixel
For a pixel we assume a simple model of electrodes and boundary conditions on the surfaces at x = 0 and x = d. The central thirds of these surfaces are the electrodes of the examined pixel, where the electric potential is set to 10 V to switch the pixel on, and to 10 V to switch it o . The left and right thirds are electrodes of the neighbouring pixels. These are constantly set to zero potential. There is a small region between the electrodes, where the potential is interpolated linearly. It has to be kept in mind that the examined pixel has a much smaller width than a pixel of a typical LCD (about 3 m vs. 0.2. . . 0.3  mm) .
a. Switching on. The electric eld is strongest between the electrodes on the surface. Disclinations are being formed there in pairs of opposite sign. Those with positive sign move inwards to the center of the surface, those with negative sign remain at their positions (Fig. 8) . The direction of the director rotation is initially given by the induced polarisation. After this initial phase the switching is completed by the spontaneous polarization (Fig. 9) . Repulsive elastic forces act between the positive surface disclinations. As a consequence these approach each other only up to a minimum distance, depending on the applied external voltage.
It is to be expected that under further compression by a su ciently strong electric eld the 360 -walls dissolve by means of an intermediary transition into a smectic A phase, which allows the twist angle within the core of the wall to relax by leaving the tilt cone. The +1=2-surface disclination pairs then are able to coalesce into +1-disclinations which leave the surface and move towards the center of the bulk. There they de ect each other to the sides, forming two twin Bloch walls together with the ?1=2-surface disclinations as borders of the pixel. As our theoretical model does not account for phase transitions, we currently are not able to pursue these ideas.
If the external voltage is not high enough for the disclinations to coalesce, the 360 -walls remain stable, becoming more di use as soon as the external voltage is being turned o .
b. Switching o . To switch the pixel o again, the reversed voltage is applied to the central electrodes.
Similar to the process of switching on pairs of surface disclinations are generated. Again those of positive sign move towards the center of the surfaces. The phase of the disclinations is changed by 180 compared to the process of switching on. The new walls expand, while the old ones contract, until they meet and form 360 -walls. Then the switching o process is complete (cf. Fig. 10 ). The second integral is zero, because @@V is the border of a border and thus an empty set.
The rst integral is also zero, as can be seen by observing that the components of (s ?b)
are of the form f j ( ) @ j . Therefore the integrand has to be zero, because , one half of the smooth components of the defect on grid h belong to the non-smooth components on grid H and therefore are fastly reduced by a relaxation method on this coarser grid. A multi-grid method applies this principle of acceleration of the convergence of smooth defect components recursively by introducing a hierarchy of grids. Starting on the nest grid, the solution moves down the hierarchy to the coarsest grid and then up again to the nest grid. This is called a cycle. The defect is smoothed on each grid by some steps of a relaxation method. On the coarsest grid the exact solution may be determined, because the number of grid nodes and therefore the number of equations will be low. Normally several cycles are needed to obtain the desired accuracy. . [1] 200µs [3] 600µs [4] Thec-director is illustrated against a background of greyshades which correspond to the twist angle. [0]
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